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Abstract

I propose an asymptotically normal estimator for a local structural quantile effect in a
nonseparable triangular system (see e.g., Imbens and Newey (2002) and Chesher (2003)). In
order to obtain a practical estimator while keeping the flexibility of the triangular system,
I consider a linear specification that has a control variable included in a nonparametric and
nonseparable manner. In simulation experiments, local instruments and identification pitfalls
are also discussed: the instruments do not affect a particular quantile of the endogenous variable
although they do affect others. It is shown that the proposed method enables inference about
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1 Introduction

1 Introduction

I propose a new semiparametric estimator of a model with nonseparable latent variables. The
proposed model is linear in variables with random coefficients, which are unknown functions of the
(uniformly normalized) latent variables V' and e. In the case with a single endogenous regressor,
the model is a triagular system with two equations, where one equation contains V', and the other
equation contains both V' and e. The parameter of interest a(711,72) is the marginal effect of the
endogenous variable on the outcome variable evaluated at V' = 71 and € = 1o, where 71,72 € (0,1)
are chosen by the researcher. I develop a simple two-step estimator, and establish its asymptotic
normal distribution.

This setup is attractive, because it is simple but preserves the flexibility of nonseparable tri-
angular systems (see e.g., Imbens and Newey (2002) and Chesher (2003, 2007)). Unlike fully
nonparametric approaches, including many exogenous covariates does not cause the curse of di-
mensionality. The marginal effect a(V,€) of the endogenous variable is allowed to depend on both
V and €. Instruments are local in the sense that they only need to affect the 7 conditional quantile
of the endogenous variable when the interest is at V' = 71. The cost of this degree of flexibility is
that the proposed estimator converges at a nonparametric rate.

Identification and estimation of heterogeneous marginal effects have been frequently discussed in
the literature. Koenker and Basset (1978) provide the first possibility via quantile regression when
there is no endogeneity. Chernozhukov and Hansen (2005, 2006) propose a way of modeling endo-
geneity in quantile regression models, which can be understood in a generalized method of moments
(GMM) framework. Imbens and Newey (2002) and Chesher (2003, 2007) consider nonseparable tri-
angular models to capture heterogeneity in marginal effects. In particular, Chesher (2003) provides
a set of conditions under which heterogeneous marginal effects are nonparametrically identified in
general triangular models. Although his identification results lead to a straightforward nonparamet-
ric estimation method, it will suffer from the dimensionality issue when many exogenous covariates
are included. Lee (2007) takes a semiparametric approach, where he uses a partially linear quantile

regression method. Ma and Koenker (2006) propose a parametric version of Chesher (2003).
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2 Motivation: Returns to Education and Instrumental Variables

The model proposed in this paper can be compared with Lee (2007) and Ma and Koenker
(2006). In contrast to Ma and Koenker (2006), the approach of this paper is semiparametric in the
sense that the functional form of the random coefficients of the structural equation need not be
specified. Lee (2007) takes a control function approach, where he assumes that the control function
is additively separable. This separability assumption prevents a(7y,72) from being heterogeneous
over 71, and hence Lee (2007) does not preserve the flexibility of triangular models.

Since the dependence between the endogenous variable and the random coefficients is due to the
fact that they both depend on V', this common latent variable plays the role of a control variable.
It is in fact used as a control variable in the estimation procedure, because the two-step procedure
essectially fixes V' at 71 by kernel smoothing.

Note that the parameter a(711,72) is a local feature. The reason why this local parameter is
focused on is that identification of the average quantile effect (i.e., fol a(s,T2)ds) requires that
the instruments affect all the distributional points of the endogenous variable, which is a strong
assumption in nonseparable models. In the simulation section, I investigate the possibility of local
instruments by conducting small experiments with the Angrist and Krueger data: the instruments
do not affect a particular conditional quantile of the endogenous variable although they do affect
others. The Monte Carlo results confirm that the proposed estimator only requires local relevance

of instruments.

2 Motivation: Returns to Education and Instrumental Variables

Consider the following wage equation
W =g(s,X,AU), (1)

where W is a wage, s is a level of education, X is a vector of individual characteristics, A is
unobserved ability, and U is unobserved market fortune. Suppose that ¢ is increasing in U. In-

dividuals choose their level of education to maximize the difference between expected wages given
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their characteristics and ability and costs:
S:argmaxE(g(s,X,A,U)]X,A)—C(S,Z,X,A), (2)

where C' is the cost of getting a particular level of education, which generally depends on other
characteristics and unobserved ability. Letting h(s, X, A) = E(g(s, X,A U)X, A) (i.e. the expected
wage with s level of education given individual characteristics and ability), the optimal level of

education satisfies the first order condition
hs(S7X7A) :CS(S,Z,X,A), (3)

which shows that S is a function of Z, X, and AE] Assume that hgs(S, X, A)—Css(S, Z, X, A) < 0so
that the second order condition is also satisfied. It then follows from the implicit function theorem

that
98 _ CoalS5,2, X, A) —hoa($, X, 4) _ (4)
OA ~ he(S, X, A) — Cus(S, Z, X, A)

as long as hsa (S, X, A)—Csa(S,Z, X, A) > 0 (i.e. the net marginal benefit of taking extra education

is increasing in A). Therefore, this setup suggests the following model for returns to education

W =g(S,X,A,U), 5)
S=5(ZX,A4A),
where ¢ is increasing in U and S is increasing in A. Chesher (2003) pointed out that one of the most
important features of this model is that the returns to education g,(S, X, A, U) generally depends
on A and U. He also showed how useful quantile regression and recursive conditioning is to identify
9s(S, X, a,u) at particular values of A =a and U = u.

Chesher’s identification conditions include a rank condition, which can be written as

05(Z,X,a) Csa(S,Z,X,a)

0Z  hes(S,X,a) — Css(S, Z, X, a) 70, (6)

!Partial derivatives will be denoted by sub-indices.
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2 Motivation: Returns to Education and Instrumental Variables

where the first equality is by the implicit function theorem. Note however that the sensitivity of
S to changes in Z generally depends on the level of unobserved ability. In particular, no economic
theory guarantees that Z satisfies condition @ for every value of a in support of A. In the sense
of Chesher (2003), Z is a relevant instrument to identify g4(S, X, a,u) only for those values of a
such that Cs4(S, Z, X, a) # 0. Of course, when Cs4(S, Z, X, a) # 0 for every value a in support of
A, then g4(S, X, a,u) is identified for every a and u in support of A and U, which would provide
more complete information about returns to education than any other average notion of returns to
education.

Although Chesher (2003) provided a set of conditions to nonparametrically identify g4(S, X, a, u)
for particular values of A = a and U = u, implementation of this model unavoidablely requires
a certain amount of parametrization. The goal of this paper is to semiparametrically implement
model with keeping all the flexibility of this model. The essential flexibility to be preserved
includes that (i) the returns to education g,(S, X, a,u) are allowed to be heterogeneous over both
a and u, and (ii) the degree of relevance of Z as an instrument is allowed to be heterogeneous over
a.

For the second part of flexibility, the data used by Angrist—Kruger (1991) provide an exampleﬂ
They used birth—quarters as instrumental variables with the idea that the cost of taking extra
education varies over different birth—quarters due to the compulsory schooling system of the US.
However, since those with lower ability are more likely to be affected by the compulsory schooling
system, this idea naturally suggests that birth—quarters will be more relevant for those with lower
level of ability. This possiblity will be further discussed in section

The parametrization taken in this paper uses random coefficients e.g. W = S&(A, U)—l—X’B(A, U)
To simplify presentation, (A, U) will be represented by (Fgl(V)7 FJ|{4(€|F21(V))), where V and e
are two independent uniform random variables. It then leads to a model with random coefficients,

W = Sa(V,e) + X'B(V,¢).

2The Angrist and Krueger’s data measure education by the years of schooling, which is discrete. This is an issue
that is not covered by this paper. Chesher (2005) showed that discrete variations in endogenous variables only deliever
partial identification.

3As a matter of specification, W = q1(S)'a* (A, U) + q2(X)'3*(A,U) can be easily considered, where ¢;(-) and
g2(+) are known functions.
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3 The Model

3 The Model

I propose the following model.

Y = Da(V,e) + X'B(V,¢) o
D = X'I(V) + Z'y(V),

where Y is a scalar outcome variable, D is a scalar endogenous variable, X is a k, dimensional
vector of exogenous covariates, and Z is a k, dimensional vector of instruments. V and e are
both scalars that represent unobserved components. The model is linear in variables with random
coefficients. The endogenous variable is correlated with the random coefficients of the structural
equation. Since the correlation is due to the fact that V appears twice, the common latent variable
V plays the role of a control variable. Now, the following assumptions are made.
A1(Independence) V and € are independent, and they are normalized to be uniformly distributed. X
and Z are also assumed to be independent of € and V.
A2(Monotonicity) 7 — Da(V,7) + X'B(V, 1) is strictly increasing in 7 € (0,1).
Similarly, 7 — X'II1 (1) + Z'Ily(7) is strictly increasing in 7 € (0, 1).

This model covers the specifications by Lee (2007), Ma and Koenker (2006), and many others.
It allows for two different kinds of heterogeneity, one kind via V and the other via e. In the
example of returns to schooling, Chesher (2003) calls one heterogeneity from unobserved ability
and the other heterogeneity from unobserved market fortune. Although it is more restrictive than
the fully nonparametric version of Imbens and Newey (2002) and Chesher (2003), it still preserves
many interesting features of triangular systems and it has practical advantage. A completely
nonparametric model suffers from the curse of dimensionality, when many exogenous variables are
included. Although the proposed model is linear in variables, the control variable V' is incorporated
in a nonparametric and nonseparable manner, and it preserves all flexiblity of nonseparable models.

The parameter of interest is «(7,72) for some fixed 71,7 € (0,1), which are chosen by the

researcherE] It is the marginal effect of the endogenous variable on the outcome variable evaluated

“In the following discussion, 71 and 75 will be regarded as fixed values.
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at V = 71, = 1. For example, it can be interpreted as the returns to schooling for the person
who has ability of 7, and has market fortune of 7. Chesher (2003) provides a set of general
conditions for nonparametric identification of this parameter, which includes continuous variation
of instruments. Instruments are not, however, so rich in practice. Since this is a linear model,
discrete instruments can still deliver identification, as long as the following full rank assumption is
satisfied.

A3(Full Rank) ITz(7;) has full column rank for the chosen 7 € (0,1).

Proposition 1 Suppose that A1, A2, and A3 are satisfied. Let W = [X': Z''. If EOWW’) has

full rank, then oy, 12), (11, 72) are identified.

Proof: See the appendix.

Although proposition [1]is a special case of Chesher (2003, 2007), it exploits the linear quantile
regression specification of the model. Therefore, in contrast to Chesher (2003, 2007), instruments
need not be continuous and discrete instruments are also allowed.

The nature of instrument relevance is local in the sense that the full rank of IIy(77) is required
only for a particular 7 € (0,1). For example, consider D = Z®~ (V) + F~1(V), where Z is
non-negative almost surely, ®~!(s) is the inverse of the standard normal distribution, and F~!(s)
is the inverse of some distribution function. In this case, the instrument is not informative for the
conditional median of D, although it is relevant for the other conditional quantiles. When «a(71, 72)
can vary over different 7, the identification pitfall at 71 = 0.5 can be a problem in estimating the
average quantile effect fol a(v, 72)dv. Instead of estimating the average quantile effect, the local
parameter (71, m2) will be focused on.

Ma and Koenker (2006) discuss estimation of a7y, 72) and 3(71, 72) under additional parametric
assumptions. Alternatively, Lee (2007) considers the case where a(7i,72) and ((71,72) do not
depend on 7 except for the intercept and shows that a(-,72) can be estimated at the regular
v/n rate. This approach loses the important feature of the triangular system, because it imposes
separability of the control variable. In this paper, the control variable is allowed to be arbitrarily

involved in the structural equation, which implies that the marginal effect of the endogenous variable
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can be arbitrarily heterogeneous over different values of V"= 7. In contrast to Chesher (2003, 2007),
the linear structural equation delivers identification when the instruments are discrete. This model
is substantially simpler than fully nonparametric and nonseparable models, but yet flexibility of
triangular models is well preserved.

For estimation, a local quantile regression approach is taken by using the kernel smoothing idea.
I will write @ 4)p—(7) for the conditional 7 quantile of A given B =b. When I do not specify any

particular value of b, I will simply write @ 4;5(7). Recall that
Pr(Y < Da(ri,m2) + X'8(m1,7)|D = Qpx,2(11), X, Z) = 7,

because D = Qp|x—z,7=2(71), X = x,Z = z is equivalent to V' = 7, X = z,Z = 2. The idea is
that Da(m,72) + X'B(m1, 72) is the conditional quantile of Y given X, Z for the people whose D is
equal to Qpyx,z(71). First, let p;(s) = [s| + (27 — 1)s be the check function for 7 € (0,1).

Step 1. Estimate the 7 conditional quantile of D given W; = [X] : Z[]' by QD\WZ- (11) = W/TI(my),

where

ﬂ(Tl) = arg Hﬁnzl pr(Di — WiIH)'

Step 2. Estimate the parameters of interest by local smoothing quantile regression. Let S’n(Tl) =
{1 <i<n:|Di—WT(n) < %"}, where h,, is a bandwidth choice that shrinks to 0. Then

estimate the parameters of interest by

a(my, ) B(ﬁ,Tg)’]/ = argrgl}k)rl Z pr,(Yi — Dija — X[b).
i€Sn (1)

The second step is another quantile regression with a subsample of those whose first step
residuals are sufficiently small. This is kernel-smoothing with a uniform kernel 1{|s| < %”}, where
1{-} denotes an indicator function. I focus on the uniform kernel, because regularity conditions for
asymptotics become easier to find. As long as there are enough observations with |D; —Q DIX:,2,(T1)]
small, this approach is intuitively appealing. The resulting estimators will be shown to be consistent

and asymptotically normal under some additional conditions.
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4 Asymptotics

This section discusses the asymptotic properties of the proposed two-step estimators. Let R;(m) =
D; — W/II(r1) and €;(r1,72) = Y; — S/0(71,72), where W; = [X], Z;]/,Si = [D;, X{]/,Ho =
() = [Mi(n), Ta(m)] € E, and 6y = 0(r1,m2) = [a(t1, ™), B(r, )] € ©. The data
{(Y;, Dy, X[, Z)}' | are iid, and the observation index ¢ will be suppressed when generic ran-
dom variables are considered. I will write fa, f4p to denote the marginal density of A and the

conditional density of A given B, respectively. I make the following assumptions.

Assumption A There is a compact neighborhood N around 0 such that (i) for every § € N,
R(71) + W& has a marginal density bounded away from 0 at 0 which is twice continuously differ-

entiable, and (i) supse s | frir)+ws(t)] < bo(t), supseps |f1/%(71)+W'5(t)’ < bi(t) and

SUP§e A/ ]fj’é(ﬂ”w,(;(tﬂ < by(t) for some continuous functions by(t), bi(t) and ba(t).
Assumption B €(7i, ) has a conditional density at 0 given R(71) and S.

Assumptions [A] and [B] require that Y and D are continuous random variables but they do not
require continuous instruments. Assumption says that R(m;) = D—W'IIj has a marginal density
bounded away from 0 at 0 and so do its small perturbations R(71) + W’§. The assumptions that
Y and D are continuously distributed are crucial but the other assumptions are for regularity.
Note also that assumption |[A| ensures that there are sufficiently many observations in {1 <i<n:
|R;(m1)] < d} for any § > 0 as n increases.

Note that two sets of conditional moment restrictions are available:

PI‘(DZ < W;H0|W@) =T
Pr(Y; < Sj0o|S;, Ri(11) = 0) = 72,

which implies
E(W;(1{D; < Wy} — 1)) =0
E(Si(1{Y; < Sj6} — m2)|Ri(71) = 0) fr(r)(0) = 0.
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4 Asymptotics

Since D; is a function of X;, Z; conditional on R;(71) = 0, E(Si(l{Yi < Slbp} —12)|Ri(11) = 0) =0
obtains by integrating over the distribution of X;, ZZ~E| Although these are not the only moment
conditions implied by , I do not address the issues of efficiency in this paper.

The proposed estimators can be understood in a generalized method of moments (GMM) frame-
work based on the moment conditions (9 (see e.g., Pakes and Pollard (1989), Newey and McFadden
(1994)). In particular, the (quasi) first order conditions of the proposed estimator can be written

as

7 i Wi{D; < WiTI(m)} = 1) = 0p(J5) (10)
A S Si({Y; < S0(m1, )} — )| — WTI(m)| < B} = op( =)

where h,, is a bandwidth choice with h,, | 0, nh, — oco. It is in fact easy to show that

o [ i it Si(U{Y: < 16} — ) 1{IDs — W] < )
L M(IL,60) = M) BE(Wi({Di < WITT} — 1))
, M>(11, 6) E(S/(1{Y; < S0} —1)|D — W'TI = 0) fp_ymi(0)

for each IT and 6. The only complication is nondifferentiability of M, due to the indicators, and
the nonparametric convergence rate of the bottom part. Note also that we only need to assume
that D — W'II has a marginal density when II belongs to a neighborhood of Iy, because Iy is

consistently estimated from M;(Ilp) = 0.

Assumption C The parameters Iy and 0y uniquely solve M(I1,6) = 0, and they are in the interior

of the compact parameter space = X O.

Assumption D E(M,(IL6)) and M(I1,0) are continuous in (I1,0) € E x ©. It is also assumed
that M (11, 0) is twice differentiable at (Iy,0p).

®When R(71) has a density conditional on Y; and S;, this conditional expectation can be written as E(Si(l{Yi <
Si60} — 72) fr(r1)|y,5(0]Y3, Si)) = 0. See the appendix.
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4 Asymptotics

Assumption E E(W;W/ friryw (01W;)) and E(SiS] fe(ry 7)|r(r),5 (0| Ri(71), Si)|Ri(11) = 0) have

full column ranks.

Assumption F E(||Wi||Sups fR(Tl)|W(S|W¢)) < 00

Assumption G ¢(0,6,r) = E(S;(1{Y; < S0} — 7)|Ri(11) — = 1) is twice continuously
differentiable with respect to r. Moreover, W and L 6E ) are continuous in 8 € © and
seN.

Assumption H Let w;j and sy be generic elements of W; and S;. For some § > 0, E(]wij|2+5) <

00, and E(|sy[*™°|R(m1) = 0) < oo.

Assumption |C| ensures global identification of (Ily, ), which is satisfied when the conditional
density of R(7;) given W and the conditional density of €(71,72) given W and R(m) = 0 are
bounded away from 0 at 0; see the appendix.

Assumption [D] is standard. Differentiability of M(IL, 6) is guaranteed e.g. when T'(D;, W;) =
E(Si(1{e(r1,m2) < 0}—72)|D;, W;) is diffrentiable with respect to D;. Assumption is the standard
rank condition but it is local. In particular, note that the full rank assumption fails to hold when
IIy(71) is equal to OH The rank condition is therefore that the instruments are relevant for the 7
conditional quantile of D given W. Assumption [[] is needed for a central limit theorem. Since

kernel smoothing is used, bias is a problem which I address by undersmoothing.

Assumption I A, xn™" wzth <k <3 for some 6 > 0.

1+5

Lemma 1 Let 2y = Il(7y) + N. Under assumptions T h, (E(Mn(H, 9)) — M(1I, 0)) =

0 \/ﬁIk$+kz 0
uniformly over 29 x ©, where Y, 5, = . In particular,

O(v/nh,h2) 0 Vnhn Ik,
assumptionH ensures Yo, b, (E (M, (11,0)) — M(II, 9)) = o(1) uniformly over Zg x ©.

Proof: See the appendix.

Now, I state the main theorem.

SNote that given R(11) =0, S’ = [D: X'] = [X'II1(11) + Z'Tla2(11) : X'].
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4 Asymptotics

Theorem 1 Under assumptions [AH]],

vy, Tomy] - Mmy, D))
\/M([@(ﬁﬁz), 3(71,72)'}/— [a(r1,72), B(r1, 7))
F11(7‘1)71 0

= - Tn,hnMn(HO, 90) + Op(l)a
0 Doo(71,72) 71

where T11(11) = E(WiW] frr)w (0IW5)) and Taa(11,72) = E(SiS) fe(r1,m) | R(m),5 (01 Ri(71), Si) | Ri(11) =

0) fr(r)(0). In particular,

V”hn([@(ﬁﬂ), 5(71,72)/}/— [a(r1,72), B(r1,72)]")

d _ _
5 N(0,Toa(r1, 72) " Vaa (1, 2) T2 (71, 72) ),

as n — 00, where Voo (71, 72) = m2(1 — 72) E(S:S{|Ri(11) = 0) fr(+,)(0).

Proof: See the appendix.

The center of zero in the asymptotic distribution comes from undersmoothing as most of non-
parametric estimators. Since the first—stage estimator has the faster parametric rate of convergence,
it does not affect the asymptotic variance of the second—stage estimator. The linear expansion of
vnhy, (é(Tl,Tg) — 60(7'1,72)) also suggests joint normality of the estimators with different sets of

quantiles.

Corollary 1 Suppose that the conditions for theorem are satisfied for {(11,72), (71,72)}. Then,

vnhn(:@(ﬁﬁz), 3(71,72)’}/— [a(1,72), B(r1, 7))
Vita([a(, 7), B 7Y = lath, 7). A, 2)7)
d Doo (71, 72) 1 Vaa (71, 72)Taa (71, 72) 71 COV (r, 71,12, T2)

— N |0, ,
COV(m, 71,72, 72) Doo (71, 72) "1 Vaa (1, 72)Ta2(F1, T2) 1

where COV (11,71, 72, 72) = (min(me, 72) — 7272)To2(11, 72) L E(S;iS!Ri(11) = 0)[aa(71,72) "t and
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COV (7,71, 72,T2) =0 if 7 # T1.

Proof: When 7 = 74, it directly follows from the asymptotic expansion of theorem When
71 # 71, note that 1{|D; — W/TI(m)| < 2 }1{|D; — W/TI(7)| < 22} = 0 for sufficiently large n. O

Estimation of I'gg(71,72) and Vag(71,72) can be done by various nonparametric methods (see
e.g., Koenker (2005), Powell (1986)), although it could be more difficult to estimate T'ya(71,72).

The following proposition shows one possibility.

Proposition 2 Let k(-) be a kernel such that

(i) supy|k(v)| < oo, [|k(v)ldv < oo, [k(v)?dv < oo, [k(v)dv=1, and [ |k(v)||v|dv < co.

(i1) k(-) is twice differentiable, and S = {v € R: |k'(v)| > 0, k"(v) = 0} is finite.

Suppose that €;(1,72) and R;(T1) have a joint density conditional on S; such that

SUD; ¢ | Dj fe(ry,ma),m(m) (E: 81Si)| < &(Si) for some ¢(S;) with E(]|Si||¢(Si)) < oo, where D; denotes
the derivative with respect to the jth argument. Let by, | 0, b, | O such that if W; has bounded

support, \/nbi, — o0 and \/nhybe, — 0o, otherwise \/nb?, — oo and \/nh,b3, — co. Then,

ZSS’ ))72(1—72) £>V22(71,T2),

Vaa(71,m2) =
bln i=1

R T —& (11, T
PQQ(Tl,TQ b% E SS/ by 1))k( 5)21 2)) 2, oo (711, 72).
n =1 2n n

Proof: See the appendix.

Existence of the joint conditional density of e(71,72) and R(7) given S requires that there
is at least one cotinuous instrument with non—zero coefficient. This assumption is made for the
conveience of the proof, but it seems possible to be relaxed as long as R(7) has a marginal density.
Condition (i) is standard in kernel estimation. Condition (ii) assumes smooth differentiable kernels,
which is satisfied by most of commonly used kernels. When W; does not have bounded support but
the bandwidth choices by, and by, satisfy the stronger requirements, we do not need condition (ii).
As k() has higher order derivatives, the requirements for by, and be,, with unbounded support of W;
become closer to the requirements with bounded support of W;. The requirement of \/nh, b, — oo

shows that estimation of I'(ry,72) can be quite difficult in practice. Variance estimation of the

QQ-080520 13
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proposed estimators need further investigation.

5 Experiments using the Angrist and Krueger Data

In this section, I conduct small experiments with the Angrist-Krueger data (see e.g., Angrist and
Krueger (1991), Angrist, Imbens, and Krueger (1999)). Returns to schooling is a leading example
that shows how useful triangular models are. One of the most interesting features of triangular
models is that it can provide a more complete picture about (random and heterogeneous) marginal
effects by investigating two different quantile points. However, even when instruments are not
relevant for all different distributional points, analysing a particular quantile of the endogenous
variable is still possible; the method proposed in this paper requires that the instruments be relevant
for a particular conditional quantile of the endogenous variable. This is a substantially weaker
assumption than the traditional rank condition required in simultaneous equations models, where
the instruments must affect the conditional mean of the endogenous variable. The Angrist-Krueger
data is well-known to suffer from the issue of weak instruments while the sample size is extremely
large; n = 329, 509. The experiments of this section investigate the possibility of local relevance of
those weak instruments.

One limitation of triangular models employed in this paper is that the assumption of strong
monotonicity is required for point-identification (see e.g., Chesher (2003, 2005, 2007)). Since the
education variable of the Angrist-Krueger data is observed as the years of schooling, it is a discrete
variable, and it clearly does not satisfy the monotonicity assumption. However, since the purpose
of this section is not in a rigorous empirical analysis but in investigating potential possibilities and
providing an example, I simply pretend that the education variable is continuous by adding a small
amount of random noise[’]

I considered contaminated education variables which were obtained by adding a small amount of
random noise generated from N (0, 0?) with o € {0.01,0.02,0.03,0.04,0.05} to the original education

variable of the Angsrist-Krueger data. I then ran quantile regression of the simulated education

"Florens, Heckman, Meghir, and Vytlacil (2008) also used the example of returns to education to motivate their
analysis, where they also considered continuous endogenous treatments.
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5 Experiments using the Angrist and Krueger Data

variables on 10 dummy variables indicating the years of birth and 30 instruments of the birth-
quarters interacted with the birth-years.

Table I shows the p-values of the coeffcients of those 30 instruments for variaous quantiles.
Interestingly, those coefficients are quite significant for most quantiles, but not for e.g., 85% quantile.
I tried different values of the standard deviations of the random noises, but the coeflicients of those
instruments for the 85% conditional quantile were insignificant at 5% levels in most cases. In
addition, although it is not reported in table I, the Wald statistic testing all the 30 instruments are
irrelevant was largest for the 20% conditional quantile in all five cases.

The fact that the instruments are most relevant for 71 = 0.20 needs some comments. Jun (2008)
analyzed the Angrist-Krueger data within the framework of the instrumental quantile model (the
IV quantile model hereafter) proposed by Chernozhukov and Hansen (2006). In particular, Jun

(2008) cast the IV quantile model in a general GMM framework with a moment condition
E([X’ 77 (1{Y < Da(r) + X'8(r)} — T)> —0, (11)

where Y is the log wage, D is the years of schooling, X is 10 dummies indicating the birth years, and
Z contains the 30 instrumentsﬂ He then constructed 95% confidence intervals for a(7) with various
choices of 7 without assuming that they are identified. I here recall that his confidence intervals
were extremely wide for small values of 7 while those for upper quantiles were relatively tighterﬂ
The fact that the instruments are weaker for lower quantiles in model shows how different the
IV quantile model is from the triangular model considered in this paper. The triangular model is
a mutiple equations model, where different (conditional) quantiles of D and different (conditional)
quantiles of Y are separately treated and they can be separately interpreted. However, the IV
quantile model of Cherhozhukov and Hansen (2006) is a single GMM model, where quantiles of

D are irrelevant but quantiles of (counterfactual) outcomes are compared (see Chernozhukov and

8Understanding the IV quantile model in the GMM framework is a common view. For example, Chernozhukov and
Hong (2003) considered the same moment condition and they studied the Laplace-type estimators that are defined
by using the quasi—Bayesian posteriors.

9For example, the interval for «(0.20) was roughly between 0.075 and 0.625 while the interval for «(0.85) was
between 0.025 and 0.125.
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6 Simulations: Local Instruments and Identification Pitfalls

Hansen (2006) for more precise interpretation). Note also that the IV quantile model does
not require that D be a continuous variable, because conditional quantiles of D are irrelevant for
anaylses.

Figure I shows the point estimates of «a(7m,72) with ¢ € {0.01, 0.02}. Although &(71,72)
would provide more complete information about the marginal effects if there were no issue of weak
instruments, it is clear that it is not the case; since the first—stage Wald tests for 7 = 0.85 do not
even reject the null of irrelevant instruments, there is a clear problem due to weak instruments even
in these localized estimates. Note however that some values of 7 still strongly reject the null of
irrelevant instruments in the first stage. Figure I also illustrates the point estimates of «(0.20,73)
and their 95% confidence intervals, where 71 = 0.20 is such that the first—stage Wald statistic is
largest among other values of .

Although these are experimental results based on contaminated education, they provide another
possibility that is comparable to Chernozhukov and Hansen (2006) and Jun (2008). Although the
IV quantile model does allow a discrete endogenous variable, it is a single GMM model, and it is
not straightforward to assess instruments. The (triangular) model of Chesher (2003) does not allow
a discrete endogenous variable, but it provide further localized inference and assessing instruments
is more straightforward; in this paper, I considered a semiparametric implementation of Chesher
(2003). Several methods have been proposed in the literature to make triangular models more
practical. However, they are either fully parametric or separable in control variables (see e.g. Ma
and Koenker (2006) and Lee (2007)). The method proposed in this paper provides a simple yet

sufficiently flexible way of utilizing triagular models.

6 Simulations: Local Instruments and Identification Pitfalls

In this section, I consider three different data generating processes for Monte Carlo experiments.
In the followings, N~!(s : u,0%) denotes the inverse of the distribution function of N(u,0?). The
included exogenous variables, X; and X9 are independently generated from N(0,1) and N(2,4),

respectively for each design. (51, 82,71,72,73) is set to be (1,1,1,1,5). The parameter of interest
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6 Simulations: Local Instruments and Identification Pitfalls

is a(71,72), the marginal effect of D on Y for those whose € and V' are at 7o and 7, respectively.
The true value for each design is given by a(7,72) = 1 — 37 + 71 + exp(71). In the following

experiments, 7o = 0.5 is used as the various values of 7 are tried.

Y =D1-3V+V24+exp(V))+ X161 + X282+ N"e: 0,1
DGP1 ( p(V)) 161 232 ( )

D = Zym + Zomy + X1 4+ Xoya + 13 + N HV : 0, 1),
where Z; ~ N(0,1), Zs ~ N(0,1) and (71, m2) = (1,1).
Y =D(1—-3V+V2+exp(V)) + X161 + Xo62+ N"1e:0,1
DGP2 ( p(V)) 151 23 ( )
D=Zin+ ZoN ' (V:1,4)+ X + Xova + 13+ N HV 1 0,1),

where Z; ~ N(0,1), Zy ~ |[N(0,1)| and 7 = 0.01.
DGP3 Y =D(1-3V+V2+exp(V))+ X161 + XoBo + N He:0,1)
D=Z3N"YV:1,4)+ X1y + Xoyp +13+ N YV :0,1),

where Z3 ~ Bernoulli(3)

DGP1 is the case where two instruments are globally valid with homosckedastistic independent
error. DGP2 has two instruments; one is weak, and the other is local. Since N=1(0.3 : 1,4) =~ 0.048,
DGP?2 suffers from weak identification when 7 is chosen to be around 30%. However, when 7 is
far from 30%, Zs is a relevant instrument, and the parameter of interest is identified. Lastly, DGP3
is the case where there is one binary instrument that can be weak for a particular quantile.

For the sample size, I used n € {3,000, 5,000, 8,000}. For the bandwidth, h, = IQR - n"s
was used except for Figures II-1 and II-2, where IQR is the interquantile range of the first—stage
quantile regression residuals. For Monte Carlo, 1,000 replications were made.

Tables II-1 through II-3 show the Monte Carlo results from DGP1, DGP2, and DGP3, re-
spectively. For DGP1, RMSEs are small for all the quantile effects. DGP2 and DGP3 are more
interesting. Since the instruments are only local in the sense that they are relevant for some quan-
tiles but not for others, RMSEs remain big when 71 is close to 30%. In spite of the identification
difficulty around 7, = 30%, the instruments are still informative for other quantile effects and
RMSEs are reasonably small.

Figures II-1 and II-2 show the sensitivity of RMSEs to different bandwidth choices. Using
n = 5,000 and h, = k-n~ 3 k € {0.5,1.0,1.5,---,4.0,4.5,5.0,8.0,10.0,15.0} were considered,

which led to h, € [0.03, 0.88]. As the figures show, RMSEs are quite stable in all cases within wide
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7 Concluding Remarks

ranges of bandwidth.

Figure III illustrates the rejection rates of the ¢-statistics testing the truth with the nominal
size 5% and n = 8000. To estimate the standard errors, the crude kernel estimators suggested in
proposition [2] were used using the standard normal density as a kernel. In contrast to the other
quantile effects, the rejection rates around 71 = 30% in DGP2, DGP3 are far from 5%.

The size distortions of DGP2 and DGP3 around 71 = 30% are not surprising in view of the
identification difficulty: the instruments are not informative for the quantile effects around 7 =
30%. This is interesting because it suggests that individual heterogeneity can cause instruments
to be only locally relevant and yet the local instruments can still be exploited by focusing on a
particular local effect. To be more concrete, the densities of the t-statistics are estimated from
Monte Carlo and some of them are shown in Figure IV. Not surprisingly, when 7, = 30% in DGP2
and DGP3, the densities of the t-statistics are far from the normal density.

Lastly, Figure V shows examples of 95% confidence intervals computed by the normal approx-
imation. I simply generated three sets of artificial data from DGP1, DGP2, and DGP3. Then,
95% condidence intervals were computed for various values of 7; with fixing 75 = 0.5. Again, the
confidence bands from DGP2, DGP3 do not cover the truth when 7 is around 30%. However, they

do cover the truth when 7 is far from 30%.

7 Concluding Remarks

I proposed a two-step estimator in a nonseparable triangular system. In order to obtain a practical
estimator while preserving the flexibility of the triangular system, I considered a linear-in-variables
specification that has a control variable included in a nonparametric and nonseparable manner.
This is interesting because (1) in contrast to Buchinsky (1994), Lee (2007), Chernozhukov and
Hansen (2005, 2006) and Jun (2008), the marginal effects are allowed to be heterogeneous over two
different quantile points, and (2) inference can be focused on a particular quantile of the endogenous
variable when the instruments are relevant for the particular quantile of the endegenous variable

(see also Ma and Koenker (2006)).
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7 Concluding Remarks

The integrated quantile effect (or the average quantile effect: fol a(v, T2)dv) looks interesting
too. It can be used as a summary of all the local parameters, and it seems to be possible to recover
the regular /n convergence ratem However, when the instruments are “weak” for a particular
quantile, the inference on the average quantile effect can be quite misleading. Instead, the method
proposed in this paper focuses on a particular quantile of the endogenous variable at the expense
of the parametric y/n rate. Although there are many methods to estimate certain average effects
without estimating the entire local function, they are based on a set of alternative assumptions.
For example, two—stage least squares estimators requires that the instruments affect the conditional
mean of the endogenous variable, which is quite different from the local quantile relevance condition.
See also Florens, Heckman, Meghir, and Vytlacil (2008). As the experiments with the Angrist and
Krueger data show, instruments can be locally relevant for some quantiles without being so strong in
the conventional mean sense. Therefore, the proposed method can also be considered an alternative
approach to the weak instrument problem.

There are several limitations. First, the monotonicity assumption requires that the endogenous
variable be a continuous random variable. This can be restrictive in practice. Chesher (2005)
discusses a set identification result with a discrete endogenous variable, which is worth further study.
Second, the estimation of the variance can be tough in practice. Comparing several methods of
variance estimation such as kernel, k-nearest-neighbor, and bootstrap is worth studying. Testing the
location of the local parameter without assuming its identification is another interesting question.

It is also left for the future research.

1071 standard linear quantile regression models, integrating regression quantiles to obtain a location parameter has
been considered by e.g. Portnoy and Koenker (1989).
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B The Moment Condition and Global Identification

A Proof of Proposition

Let Tl = [y ()" : Ha(1)")". First, note that Qpw (1) = W'llp. Multiplying W to both sides
and taking expectations yields E(WW')II, = E(WQD|W(7'1)). Therefore, Il is identified by
E(WW")'E(WQpw(r1)). Now, note that

Pr(Y < Qpw(m)a(m,m2) + X'8(m1,7)|D = Qpw (1), W)
=Pr(Y < Da(r,m) + X’ﬂ(Tl,Tg)}D = QD|W(7'1),W)

= PI‘(Y < DOJ(V, 7’2) + X’B(‘/, TQ)‘V = Tl,W) = PI‘(G < TQ‘V = Tl,W) = Pr(e < 7'2) = To,

because D = Qpw=w(71), W = w is equivalent to V' = 71, W = w due to the strong monotonic-
ityE-] Note here that independence between V' and € is used only for the last equality, which local

independence is in fact sufficient for. Now, note that

QY D= pw (r).w(72) = Qpiw (T1)a(11, 72) + X'B(71, 72)

= X' (T (r)a(m, 72) + B(11,72)) + Z'Ta(11) (11, T2).

Multiplying W to both sides and taking expections shows that
[Hl (7'1)’(1(7'1, 7'2) + 5(7’1, 7'2)/, Hg(ﬁ)’a(ﬁ, 7'2)]/ is identified by E(WW/)_IE(WQHD:QD‘W(n),W(TQ))-

Therefore, A3 results in identification of (7, 72) and (71, 72). O

B The Moment Condition and Global Identification

Since E(p,(D;—W/II)) is weakly convex, solutions to E(W;(1{D; < W/II}—71)) = 0 are minimizers
of E(,OT1 (D; — W/ H)) Therefore, in order to show that IIy uniquely solves E(Wi(l{Di < W/} —
7'1)) = 0, it suffices to show that Il is the unique minimizer. Since E (pT(Di - W/ H)) is weakly
convex, its minimum is unique when its Hessian at the minimum is positive definite. Now, note

that the Hessian at Il is given by E(W; W/ fR(Tl)|W(O\Wi)), which is clearly positive definite when

"TFor the sake of simplicity, the qualifier of “almost surely” will be suppressed throughout the paper when it is
clear from the context.
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C Proof of Lemma

Jr(r)w(0[W;) is bounded away from 0.

Given R(7;) =0, D is only a function of W. Therefore, 6y will solve
E(S;(1{Y; < Sj0} — m2)|Ri(11) = 0) = 0. (12)

Following the same reasoning as before, 6y will be the unique solution, if it uniquely minimizes
E(pr,(Yi — Sj0)|R;(11) = 0). Now, note that its Hessian at 6y will be given by

E(SiS] fe(r1,m)(0|Wi, Ri(11) = 0)|Ri(71) = 0). Therefore, if the conditional density of e(71,72) at 0
given W;, R;(11) = 0 is bounded away from 0, then 6y will be the unique solution to equation ([12)).
a

Remark: Note that the moment condition can be expressed in a more common but equivalent
form when R(7;) has a density given Y and S; this is the case when we have continuous instruments

with non-zero coefficient at 7. Note that

E(Si(1{Y; < Si0} — m)|Ri(11) = 0)

= /S(l{y < SlG}_T2)fY,S|R(T1)(ya S|0)d.u(ya 5) /S(l{y < 5/9}_7_2)fY,S,R(71)(y7 S, O)dﬂ(ya 5)

- Tr()(0)
1

— fm)(())/S(l{y < $'0} — 72) frir)v,s(01y, ) fr,s (v, s)du(y, s)

1 !
— mE(Si(l{Yi < S50} — 72) fr(m)v,s(01Y3, i),

where p is the underlying measure.

C Proof of Lemma [1]

Note that

Yo, (E(Mn(l'[, 0)) — M(IL, 9)) - 0 ,
Bn(H, 9)
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D Proof of Theorem

where

BA(IL,6) = Viha (- B(Si(L{Y; < 50} — ) 1{|D; — Wil < "))

— E(Si(1{Y; < 80} — )| Ri(71) — W3 = O)fRi(n)fw/é(O))

for 6 =1 —1IIp € N. Let o(6,6,7) = E(S;(1{Yi < Sif} — 72)|Ri(11) — W6 = r), and it follows

from the law of iterated expectations and the change—of—variables that

1/2
BH(H7 0) =V nhn / 1/2 @(07 65 thn)fR(Tl)fW’é‘(thn) - @(9’ 57 O)fR(Tl)fW’(s(O)dt
_ vV nhnh% /1/2 82‘10(07 9, S)fR(Tl)—W’é(S) ‘ 2t
2 71/2 882 s=8 ’
where 5 is between 0 and th,,. Therefore, for every § € © and II € IIy + N,
0%0(0,06,r 0p(0,0,r
1B o) < Vb2 (s (EEOE D gy 2 sp 20T
—1/2<r<1/2 or —1/2<r<1/2 or
1/2
+ sup [le(6,6,7) |ba(r)) / 2dt. (13)
—1/2<r<1/2 ~1/2

It then follows that supper, 4 ar, geo [|Bn(I1,0)|| = O(v/nhyph?Z) from compactness of © x N and

continuity of the right—hand side of . O

D Proof of Theorem [1

In this section, I provide the proof of theorem [I} For the sake of convenience, I splitted the theorem
into the consistency part (lemmas |2/ and [8) and the normality part (proposition . In the following
discussion, I will write M;(IT) and Ms(II,0) to denote the partitions of M (II,0); their sample

analogs will be denoted by Mj, (IT) and Ma, (11, #), respectively.
Lemma 2 /n||TI(11) — TI(11)|| = O,(1).

Proof: It follows from the fact that II(71) is the standard linear quantile regression estimator. []
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D Proof of Theorem

Lemma 3
1 « . hy ho,
= > J{ID; - Will| < < b= HIDi = Willo| < —=HIISill = 0p(1).
™ oi=1
Proof: Note that

[LR(m) — W~ Thy)| < ") 1 R < 223

hn - hn hn = hn
< U= = Ri(n) < [Wil[l|TL = Io[| — =7} + 1{ <7 < Ri(m1) < [[Wi[[|1L — Io[| + =~}

h . h h . h
+ 1{—771 — |[[Wil[|[IL = Io| < Ri(m1) < —?n} + 1{?n — [[Wil[|[II = L[| < Ri(m1) < En}
for sufficiently large n, because |W/(IT — IIy)| = o,(hy). Since the four terms are similar, T only

consider the last one. Let §, be a (positive) sequence such that |[IT —Tlp|| = 0,(d,) and &, = o(h,,).

It then follows that |W;||||IT — Io|| < ||W;l|6, with probability approaching to 1. I will show that
1 hy hn
(-1~ [[Willon < Ri(r) < "2 HISill) = o(1)
Note first that

1. hy
E(El{g — [[Willon < Ri(r1) < - HISill)

hy, 1 hy hy
7}\Di\) + E(,Tl{j — [[Wil|6n < Ri(m1) < 7}HX1'H)-

A | T

1 hn
< E(;Tl{j — [|[Wil|on < Ri(T1)

Since the second term is similar, I only consider the first term. Note that

-

1. hy hy, 2
E(Hl{7 —[IWillon < Ri(m) < S HDil[W3) = /1_571 |thn + WiTlo| frry ) w (tha|W;)dt

2" hn
1 1

2 2
Shn[ o Nt R w (thn[Wa)dt + [WiTIo| [ frer)w (thn|Wi)dt — 0

On. 1
2" hn 2

ﬁ
with probability one. Applying dominated convergence theorem completes the proof. [
Lemma 4 Let m,(I1,0) = ¢S(1{Y < S0} — 2)1{|D — W'II| < %}ﬁ, where ¢ is an arbitrary
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conformable vector and (11,60) € (Ilo+N) x ©. Then, for any sequence d1, = o(hy,) and da, = o(1),

SUD| 11 f1f| <61, 0] <80, (T (1L, 0) — 15 (I1,0))?) = o(1).

Proof: Note that

(M (11, 0) — 1, (11, 0))2
<2((@SP{D - Wl < ) - 1D - W < Y
+ (S)?|1{Y < §'6} — 1{Y < S'0}1{|D - W'TI| < %"}hi) (14)

Since [W'(IT — IT)| = 0,(h,), the first term in the right-hand side of is bounded by

hn T hn hn ~ h?’L
(c’S)Q(l{W’H — S S DSWI- Y+ 1WI+ <D< WL+ 2
+1{W’ﬁ—%ngW’H—%}+1{W’ﬁ+%”ngw’HJr%})hi,

Since all four terms are similar, I only consider the last one. Taking the expectation of the last

term yields

3 hn hn 1
E((01D + X)WL+ 5 <D< W' + 7}}7)

11 — 1|

W'/ hn+ 5 -
- E(/ (crthy, + c;X)2fD|W(thn|W)dt) < C(IL,10) —

W/ /hn+1
where C(I1, f[) = E(Sup(cls+C’QX)2fD|W(s]W)||WH) with sup taken over s between W'II+ % and
W'IL + 5. Since SUD, (11 1) e A" C(II,II) < oo, it follows that

sup C(H,ﬁ)w =

(T <51, hn

0(32) = o(0).

The second term of the right—hand side of is similar and omitted. [J
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Lemma 5 For any sequence h,, > 0 with h, | 0,nh, — oo,
(i) subgee || Man (11, 6) — Ma(Tlo, 0)| = 0,(1) as n — oo,
Moreover, if we let let r, = \/ﬁhfZ such that 6 > 0 and \/ﬁh}l““s — 00, then for any sequences

O1n | 0 and 02y, | O such that rpd1, | 0, we have
(ii) sup ||v/h, (Mgn(n, 0) — B (Mo, (I, 9))) — Vnhn, (Mgn(no, Bo) — E (Mo (I, 90))) | = 0,(1)

as n — oo, where sup is taken over ||II — Iy|| < 01y, and [|0 — Oo|| < dop,.

Proof: Note first that

Sup || M2, (11, 6) — Moy (1o, 0) |

1 n R h h
hn; [1SilIL{1D: = WiTI| < <} = 1{|D; = W]Tlp| < '} = 0p(1)
by lemma [3| For part (i), I note that

T 7T
sup || Man(Ilo, 0) — Ma(Ilp, )| < sup || Man(Ilg + —, 0) — Ma(Ilo + —, )|
0 (m,0)EN O n Tn

and I will show that the right-hand side is 0,(1) in the following discussion.

Consider the following class of functions

Fp = {mp(m,0) = ¢S{Y < §'0} — ) 1{|R(r1) — W’l (Y,D, X, Z) x (,0) — R},

<o

where ¢ is an arbitrary conformable vector and (7,6) € N’ x ©. Note that working with the local
parameter 7 is sufficient, because II is already /n—consistent for 1.

Let pn(m,0) = ﬁ > dSi({Y; < Si0} — m){|Ri(m) — W/iE| < hal and consider

Gpmy, = vVn(P, — P)m,, = /nhy, (,U,n(ﬂ', 0) — E(,un(ﬂ, 6))),

which is an empirical process with a sequential class of functions (see e.g., van der Vaart and

Wellner (1996, p220-221), van der Vaart (1998, p282)). In particular, corollary 19.35 and theorem
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19.28 of van der Vaart (1998) provide sufficient conditions for uniform convergence and stochastic
equicontinuity of F,. Define m;(D,W) = argmingey [R(m1) — W[, and F;, has an envelope

function F,, = 2¢'S1{|R(m1) — W’%ﬂ’m\ Since R(11) — W’%ﬂ’w) has a density, the

hn 1
<5

standard change-of-variable technique shows

E(F}) = 0(1)
E(F?1{F, > ey/n}) = o(1) for every e > 0,

where the second equality is because nh,, — oo. Therefore, in view of lemma @ the uniform
entropy conditions of theorem 19.28 of van der Vaart (1998) will imply stochastic equicontinuity of
Gpm,, and the uniform convergence of part (i) will follow from the maximal inequality.

To be more specific, let J(d, F,, L2) be the uniform entropy integral of F,,. Since corollary 19.35

of van der Vaart (1998)|E| shows that
E(suap |Grnmy|) < CI(||Fnll2, Fn, L2)

for some constant C, J(|[Fy|2, Fn, L2) = O(1) will imply that sup, gy |Gnma| = op(vnhy,), which
will prove part (i) by lemmall] Also, by theorem 19.28 of van der Vaart (1998), J(8,, Fp, L2) = o(1)

for every 4, | 0 will show stochastic equicontinuity of G, m,(m,8) so that

sup |Gy (,60) — Gpmy(0,6p)| = o0p(1)
H(ﬂ?e)*(OveO)HS&n

for any d,, | 0. It will then prove part (ii), because setting r, (I —IIy) = 7 shows that the supremum
over ||IT — IIy|| < 81y, is bounded by the supremum over ||x|| < 7,01y,

Therefore, showing J(||F,||2, Fn, L2) = O(1) and J(0,,F,, L2) = o(1) for every 6, | 0 will
complete the proof of the lemma. By definition of the uniform entropy integral, these two conditions

are satisfied when the e-uniform covering number supg N (e[| Fy.|[2, Frn, L2(Q)) is bounded by a

2Note that rhn — 00.
13Gee also the comments on p289 of van der Vaart (1998). It is worth noting that the maximal inequality is not an
asymptotic one.
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polynomial of % that does not depend on n A sufficient condition for this is that F,, is a Vapnik—
Cervonenkis (VC) class with its VC index not depending on n (see e.g. theorem 2.6.7 of van der
Vaart and Wellner (1996, hereafter VW)).

In the following four steps, I will show that the VC index of F,, is finite and that it does not
depend on n. VC indices will be denoted by V(-). First, I state a few useful properties of VC
indices, which are used in the following steps.

VC Properties: Let F and G be VC classes of sets. Let H be a VC class of functions, and let g
be an arbitraray fixed function. Then,

(i) Z ={1a(z): A€ F}is a VC class of functions with V(Z) = V(F).

(ii) Fe={A°: A e F} is a VC class of sets with V(F¢) = V(F).

(i) FNGg={ANB:Ae F,BeG}isa VC class of sets with V(FMG) < V(F)+V(G) — 1.

(iv) The collection of all half-spaces in R? is a VC class of sets of index d + 2. In particular,
{1{z’b< c}: b€ RY cecR}isa VC class of functions of index d + 2.

(VY H-g={f-g:f€H}isaVC class of functions with V(H - g) < 2V(H) — 1.

These VC properties are now standard in empirical process theory, and their proofs can be
found in many places. See e.g. lemmas 2.6.17 and 2.6.18 of VW, and exercise 14 on page 152 of
VW. Using these properties, the following four steps prove that the VC index of F,, is finite and
that it does not depend on n.

Step 1: Let C = {fap(z) = lanp(z) —milp(x): A€ F,B € G}, where F and G are VC classes
of sets. Then, V(C) < 2(V(F) +2V(G) — 2).

To prove this, suppose that a collection {(x1,t1), (x2,t2),...., (xk,tx)} is shattered by the col-
lection of subgraphs of C. Then, there should not be any ¢; less than —7; or larger than 1 — 7.
Moreover, this collection can be partitioned into two groups. Those points whose t; is between 1 —7
and 0 will be shattered by the collection of subgraphs of C; = {(1 — 71)1lanp(x) : A € F,B € G}.
Similarly, those points whose ¢; is between 0 and —7; will be shattered by the collection of sub-
graphs of Co = {~T11pnanp)e(z) : A € F,B € G}. It then follows that V(C) < V(C1) + V(Ca).

Now, the conclusion of step 1 follows from the VC properties (i), (iii), and (v) above.

YSince the e-uniform covering number cannot increase as e becomes larger, it is in fact sufficient to consider
O0<e<l
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Step 2: Let D, = {I{|R(r)) —W'Z| < B} . w e RFTh}, D = {I{R(r)) < W+ h} : 1l €
RFeth: b € R}, and D = {1{R(r1) > W'IIl — h} : I € Rk=*k= b € R}. Then, for every n,
V(D,) < V(D7) + V(D) — 1.

Note first that Dy, = {1{|R(r1) — W'.T| < bl . 7 € RE=tk:} i a subclass of D* = {1{|R(m1) —

W'H| < h} : T € RF=*F= 1 € R} for every n. Note also that D~ and D+ are VC classes by the VC
property (iv) above. It then follows that V(D,,) < V(D*) < V(D~) + V(D) — 1, where the second
inequality is due to the VC property (iii) above.
Step 3: Let 7y = {(1{Y < 50} — m){|R(n1) - W] < hoy . 7 € Rbsthe g € R1FHe} ) and
£={({Y <860} — 1) : 0 € RM+%). Then, V(F?) < 2(v<5) +2V(D) + 2V(DF) — 4) for every
n.

It follows from steps 1 and 2, because (14 — 7)1 = lanp — 1115.

Step 4: F, is a VC class, and its VC index does not depend on n.

By the VC property (v) above, V(F,) < 2V(F;;) — 1. Therefore, it follows from step 3 that

V(Fn) < 4(V(5) +2V(D7) +2V(DT) — 4) — 1 for all n. Lastly, note that £, D™, D" are all VC

classes and they do not depend on n. [

Lemma 6 Asn — oo, h, | 0, nh, — oo,

T (Mo (Mo, 60) — B(Ma(Tlo, 60) ) = N ( Z , VSIVO ).
22

where Vi1 = E(W;W{|R;(11) = 0) fr(r,)(0) and Vaz = 12(1 — 72) E(S;S;|R;(11) = 0) fr(r,)(0).

Remark: Since R(71) has a conditional density given W, Vi1 = E(W;W/ fr(r)w (0|W;)), which
is a more common expression in the quantile literature (e.g. Koenker (2005)). If R(7;) has a

density conditional on S, which requires that there is at least one continuous instrument, then

Voo = 1o(1 — TQ)E(Sisng(Tl)|S(O|SZ'))'
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Proof: For any (conformable) vectors ¢, d, consider

[ d])YThh, (Mn(Ho, o) — E(Mn(H07 90)))

S, = .
\/Var<[c’ 2d' Yo, (Mn(ﬂm o) — E(Mn(Ho, 90))))

By the Cramer-Wold device, it suffices to show that

S, & N(0,1) (15)
\%
Va?“< Yo by (MH(HOaGO) - E(Mn(ﬂo,eo)))> — ;1 ‘f : (16)
22

Part follows from direct computation, and will be omitted here.

For part , write

" W m1 d'S'mg-k-
N, = [¢:d]T, (MnH,H — E(M,(Ily, 6) ) ¢ i iM2iftin.
] T, (M (T, 00) — B0, 00))) = > =2 e
where my; = 1{D; < W/} — 11, mo; = 1{Y; < S0y} — 72, and ki, = 1{|D; — W;IIp| < h?"} By
the Liapounov central limit theorem (see e.g., Pagan and Ullah (1999, p 358)), it suffices to shows

that

W, mh d’S‘mzz in |246
E E =o0(1
Snvnhy ‘ ) o1),

for some & > 0, where s2 = Var(N,,). By the C, 1nequahtyl§]

ZE CWmM dSTrLQZ m|2+§ < CZE Cwmlz‘2+5 |d/Sz’m21’kin’2+6)

snv/nh Z sny/n Snv/nP,
C i 5 C 5
= WZE(‘C,WimM}QJF ) + (nh32—1+5/22E ‘dSmQZ zn}2+ )

5See e.g. Davidson (1994, p 140).
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where C is a constant. In view of part (16, s2 is convergent to a positive number, and hence it

futher follows that

c . 246 C " 248
WZEGCIWZ”LM‘ - ) + WZE(ldl&m%km‘ + )
1 1

where § is chosen to satisfy assumption [H] O

Tr 0
Lemma 7 Let the Jacobian of M(IL,0) evaluated at Iy and 6y be given by I' = H

Top T
Then, T11 = E(WiW] friyw (O0IWi)), and Tay = E(SiS,fe(ry ) R(r),s (01 Ri(71), Si)|Ri(11) =

0) fR(Tl) (O) .

Proof: I'y; and I'yy follows from direct calculation, and it will be omitted here. [J
Remark: Let T(D;,W;) = E(Si(1{e(r1,72) < 0} — 72)|D;, W;), and assume that T'(D;, W;) is
twice continuously differentiable with respect to D;. Then, differentiability of M (I, 0) at 11y and
6y follows. To see this, consider I'9;. For each IT € IIy + N/,

BE(T(Di, W;)1{|D; = W{TI| < %}hi) — E(T(D;, W;)|D; = W/ =0) fp,_wm(0)

n

= E(Si(1{e(r1,m2) < 0} = 72)|D;i = WL = 0) fp, w1 (0) = Ma(TT, 6p). (17)

Therefore, it suffices to show that the derivatives of the left—hand side of uniformly converges

over ITy + N. Note that

hp, 1 hy, 1
E(T(Dy, Wi)I{|D; — W/TI| < 7}F’Wi) = /T(t, Wi)1{|t — W;TI| < j}h*fD\W(ﬂWi)dt
1/2

= / T (thy, + WL W;) fpjw (thn + WITI|W;)dt,
—1/2
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which has a derivative

v WiTp(ths, + WiIL W;) fpyw (thy + WITLW;) + WiT (the + Wil Wi) £y (the + WIITW;)dt,
—-1/2 18)
where Tp denotes the derivative of T'(D;, W;) with respect to D;. Since 1o+ is compact, uniform
convergence of follows from cotinuous differentiability of Tp and f/D‘W(s|WZ-). O
Remark: Ty — E(WiTD(Wi’HO, W;) fow (WTTo| W) + WiT (WiTly, W) fb‘W(Wi’Ho|Wi)). In
fact, if R(71) has a conditional density given Y;,S;, which is the case when there is at least one

continuous instrument, it is simply I'y; = E(S;W/(1{Y; < S0} — Tg)f]/%(n)lys(o‘y;‘, S;)). Similarly,

g2 can be written as E(SiS] fr(r).e(r,m) 50, 0[5:)) in that case.

Lemma 8 /nhy, (6 — 6y) = 0,(1) + O(v/nhnh2).

Proof: Since

SlelgllMan(ﬂ, 0) — My(Ilp, 0)|| = 0,(1) (19)

by lemma |5 consistency of 6 follows from the standard arguments. Choose an arbitrary § > 0.
Then, continuity of Ms(Ily,0) and the compact parameter space guarantees that there is some
0" € {0 € ©: |0 —0o|| > &} such that inf|g_g,||>s || Ma(Io, 0)|| = |[M2(Ilo, 0%)||. Since Ma(Iy, 0) is
equal to 0 uniquly at 6y, it follows that inf|jg_g, |5 |[M2(Ilo, 0)|| > € for some € > 0. It then follows

that Pr(||6 — 6o|| > 8) < Pr(||M2(Iy, §)|| > €). Now, note that
|| M2(Tlo, 0)[| < sup || Man (11, 6) — Ma(Tl, 0)|| + || Man (11, 6)|| = 0,(1),

where the last equality is due to equations and . Therefore, || — || = 0,(1).
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To establish the convergence rate, let d2, | 0 be an arbitrary sequence and let 41, | 0 be a

sequence satisfying the conditions of lemma [5| It then follows from lemma [5| that

sup H\/ nhn (MQn(H, 9) — MQ(H, 9)) —\V nhn (Mgn(Ho, 90) — MQ(H(), 00)) H
< sup ||\/nhn (Mgn(H, 0) — E (Mo, (I, 9))) — /nhy, (MQH(HO, 6o) — E(Mgn(HO,HO))) [

+ 2+/nhy, sup ||[E(Man(I1,6)) — M (11, 0)|| = 0p(1) + O(v/nhnh?), (20)

where sup is taken over ||II — IIy|| < 61, and ||@ — 6p|| < d2p; for the last equality, I used lemma
Since 11 is v/n—consistent and 0 is consistent, there exist some sequences d1, | 0 and d2, | 0 such

that

|1/l My(11,0)[| < ||/ nhn (Mo (IL, 0) — My(I1,0)) || + [[v/nhn Moy (11, 0) |
< sup H\/Tlhn(MQn(H, 0) — My(11, 9))H + 0p(1)
< sup H\/ nhn(MQn(H,9> — MQ(H, 9)) — v/ nhnMQn(H(), 90)” + H\/ nhnMQn(H(), 90)H + Op(l)

=0p(1) + O(v nhnh%) + Op(1) + 0p(1)

with probability approaching to 1, where sup is taken over ||II — IIy|| < 01, and ||6 — Op|| < (52,1@

Therefore,
1 . . . . .
O(h2) + O, (————) = ||M>(IL, 6)|| = |91 (II — IIy) 4 Taa(6 — 6y) + O(||II — Io||||0 — 6
(hy) + p(\/%) [ M2(IL, 0)[| = [[T21( 0) + Ta2(0 — 6o) + O(]] ol|[16 = Gol)1|
: 1 16— 6ol A 1 : 1
= HF22(9—90)+Op(%)+op(7m > HPQZ(H—QO)H—Op(%) > \/)\2H9—90||—Op(ﬁ)7

where Ay is the smallest eigenvalue of I'),I'55. Since the full rank of I'9e implies that Ay > 0, it

follows that v/nhy||0 — 6o|| = Op(1) + O(vVnhnh2) + Op(v/hy). O

Proposition 3 The proposed estimators have the asymptotic expansion of theorem 1]

16Any d1n | 0 satisfying v/nd1, — oo and r,d1, — 0 will do, where 7, is defined in lemma
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Proof: Since the asymptotic expansion of ﬂ(ﬁ) follows from standard quantile regression, its proof
will be omitted and I only consider é(ﬁ, 72) here. In the following proof, the asymptotic expansion
V(I = Tlp) = Ty My, (TTg) + 0,(1) will be taken for granted.

From differentiability of M (11, ), consider the expansion
MQ(H,G) = Pgl(H — Ho) + P22(0 — 90) + O(HH — HOHHG — 90”).

Define
Loy (0) =T99(0 — 6y) + Moy, (I, 6p).

Then,

M2n(H’ 9) = MQ(H’ 0) + (MQn(Hv 0) - M2(H7 9))
= Lon(0) 4+ (Man(11,0) — My(I1,6)) — Mo, (Tlo, o) + O(|[TT — TIo||) 4+ O(||TT — TIo|[||6 — o)
= Lon(0) + (Mgn(H, 0) — E(Mon(IL,0)) — Map(TTy, 0p) + E(Map (I, 90)))

+ E(Ma(11,60)) — My(I1, 0) — E(Man(Tlo, 60) + O(||TT — o ||) + O(|[TT — To|[||0 — 6ol]). (21)

In fact, equation shows that My, (11, §) is decomposed into four different components; the linear
term Lo, (0), the stochastic equicontinuity term (MQn(H’H) — E(MQn(H,H))) — (Mgn(HO,HO) —
E(May (1o, 90))), the bias term <E(M2n(H, 9)) — Ma(II, 9)) — E(M>,(Io, 6p)), and the remainer
term. Therefore, for any estimator 6,, such that v/nh, (6, — 6y) = O,(1),

V nhnHM%(ﬂa O0n) — Lan(0n)|| < v nhnH(M%(ﬂa On) — M2(ﬂv en)) — Moy, (g, 60) || + Op(\/m)

< sup /nhyl| (Mgn(H, 0) — Mo(II, 0)) — My, (Ip, Op)|| + 0p(1) = O(\/nhnhi) + 0p(1),

where sup is taken over ||II — Ily|| < 01, and ||6 — 6p|| < J2,, for some sequences 61, | 0 and

d2n, | 0; the second inequality holds with probability approaching to 1 due to consistency, and the
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last equality is by equation . In particular, undersmoothing ensures that

Vb || Moy (I, 0,) — Lo (6)]] = op(1). (22)

Now, consider an (infeasible) estimator # such that

0 =00 =arg min |[|Ln(0)l] = ~I'35 Ma(Ilo, fo).-

Note here that although I minimized over R *%= 6 — 0y will belong to © as n increases, because 6y

is in the interior of ©. In the following, I will show that 0 is distributionally equivalent to 6. First,

note that v/l (6 — g) = Op(1) and v/nhn (0 — g) = O,(1). Therefore, by equation (22),

Vihal|Laa(@)] = v/l Moo (FL )| + 0,(1) = 0,(1):

~ ~

Now, note that Lgn(é) = Lgn(é) + T'92(6 — 6) by definition, where LQn(é) is in fact equal to O.

Therefore, it follows that

= \/nha| T2 (6= 0)|| > /nhar/A2||(0—0)|| >

nh(

nhy(

where A2 > 0 is the smallest eigenvalue of I'),I'92. Therefore,

nhn(0 — 6) = /nhn(6 — 6) + 0,(1),

which completes the proof. [

E Proof of Proposition

Proposition [2] follows from lemmas [9] and [I0} O
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Lemma 9

1 < —R;(m1) I —Ri(n1)
> SiSik(—; )—nbln;&-sgk( )+ 0p(1),

nbiy im1 1n bin
1 g —Ri(r1)\, —€(r,72)\ 1 o oy —Riln), —€i(r1, )
nb%n Zz; SZSlk( ban, )k( ban ) B nb%n ;SZSZ]{( ban )k( bop, ) * Op(l).

Proof: Since two statements are similar, we only prove the second one. Let Ay = II — IIg, Ay =

0 — 6y and Ay =11 — I, Ay =0 — fp. By the mean value theorem, we can write

1 < ,,  —Ri(T —&(11, T 1< ., —Ri(T —€(T1, T
o S st (TR (AT S () mere )

2n i—1 b2n b2n 2n i—1 n b2n
1 < WI!A — Ri(11) —€i(11,72) W!A,
R 1 BV p(— L i
* nb%n ; ! ( bop, ) ( bap, bop,
1 " —Ri(Tl) S{AQ — EZ'(Tl TQ) S(AQ
— N 58k K (2 ’ i
+ ’I’Lb%n Zz; ) ( b2n ) ( an ) an

1 <& W/A; — R; SIAg — €;(11,m2) W/ AL SIA
+nb2 ZSzSZ/k,( 121 7»(T1))k/( 192 6(7—1 T2)) R e (23)

2n i—1 b2n b2n b2n b2n

for some A; and As.

We claim that the last three terms in are all 0,(1), which easily follows from the stronger
bandwidth requirements when W; has unbounded support. Therefore, we only consider the case
where by, ba, satisfy the weaker bandwidth requirements but W; has bounded support.

Consider the last term in 1} since the other two terms are easier. Since Hé—lH = Op(\/ﬁ%)

op(1) and é—z = Op(m) = 0p(1), for some sequence d,, | 0, we have

1 'Ay — R: "Ao — € 'A; S!A
Hn;gzsisz{k,(WiAlb Rl(Tl))k:,(SZAQ 61(7'1,72))W1A1 SlAg”

2n i—1 2n b2n b2n b2n

n 'Ai — R "Ao — € 'Aq S!A
< h sup I 12 Zsisfk/(WiAl RZ(Tl))k,(SZAQ 61(7—177'2))W1A1S1A2H

g l1<0n, 172116, 2" i=1 o bon bon Do
1 - —R‘(Tl) —6‘(71,7'2)
S ZH&H?’HWiH sup  |E/( bz +t)] sup [K( Zb +1)|07
"on i1 |t <[ | Wil |6 2n 1t1<]1S:]6n on
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with probability approaching to 1. Note here that

_Ri —¢; :
sz]WHWW!Sw () |y T

b 2 +1)]
2n =1 <[|Wil|on 2n [t1<11S:16n 2n

—€;i(T1, T
S s (O g (C)
nb3,, = [t|<Cs ban [#1<]1S5 (6 2n

for some C' > 0, because W; has bounded support. Therefore, it suffices to shows that the RHS in
is Op(1). Note here that

sup |k Ri(m1) + )]
It|<Cén ban
R; —R; —R;
= mas(¥(e) 1] + 2| < 05,), w(ZEAT) 4 o), (=) g,
c; €S b n b2n 2n
and that

k/ _6i<7_17 7—2)

sup +t

1t1<]1:116n ban )

_ / € (71, 72) (71, 72) , —€i(T1,T2)

= max([&'(¢;)|[1{|ej+ SL B < 18i16n}, 1K (—E 2 15501,)), |k (————=-—1|Sill6,)])
c;€S b b2n b2n

Therefore, plugging in these expressions to the RHS of , taking expectations, and using the

usual change of variables technique finishes the proof. [

Lemma 10 If €;(11,72) and R;(1) have a joint density conditional on S; (e.g. when there is at

least one continuous instrument),

> st~ B(SiS rins(0159)) + 0p(1),

nbln i—1 bin
T1) —€i(11,72)
nbgn ;s SL( (=) = B (SiSf(r1) 721150, 0181) ) + 0p(1):
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Proof: Since the two statements are similar, we only consider the second one. Note first that

T —€; (11, T ;o —Ri(T —¢ (T, T
Py — (s () ) 40,2,

(25)

nb2 ZS Sik(

2n 51 b2n

because letting &; be the t—s element of S;S!, squaring and taking expectations yields

Ri(t1)\2, ;—€i(T1,m2)\2 1
b%n (Qsz( ban )k ban )bgn)

1 —r\2, ,—e\2 1
_ nb%E(gfsi/k:(bZn) k(a) ng(Tl)’e(nm”S(r,e]Si)drde)
1

bQ (gtsz/ ( ) <3>2fR(T1),6(7'1,7'2)|S(_b2nt7 _bQTLS‘Si)dtdS) = O(W)
2n 2n
Therefore, I only consider the expectation in the RHS of equation .

—Ri(m1)
b2n

1w
E(bgnSzSik(

)k(_ei(ﬁ’m))) = E(SZ-SZ‘/k(t)k(S)fR(m,e(n,m)S(—b%t’ ~bans|Si)drds)

b?n

= B(Si8!nta )ty 0:0150) [ K0yt [ k()i

+bQ,LE(Sng/k(t)k(s)(wlfR(n)6TWNS( 5155) + Do Fr(m) cmms (B .§|S,~))dtds),

where Dj fr(r))e(r,m)|s 18 the partial derivative with respect to the 4t argument and ¢, 5 denote

the mean values. Since sup; ; |D; fr(r,),e(r1,m)|5 (5 519i)| < ¢(Si), we have

bon| |E(SiS§ / (k) (1D1 Frir ) e(mmas (B 5155 + 5D i) e(mrs §|Si))dtds> [

< ba, B(ISIPo(S) [ IOIIEEI(H] + [sdtds) = o). D
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Table I: Experiments using the Angrist and Krueger data
p-values of the significance of instruments in the first stage quantile regression

71 =1 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

o =0.01 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.2641 0.3110 0.3792 0.1254
o =0.02 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0031 0.1060 0.1550 0.0111
o =0.03 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
o =0.04 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000
o =0.05 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

71 = | 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

o =0.01 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.8133 0.9997 0.0000 0.0000
o =0.02 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.5650 0.9840 0.0014 0.0000
o =0.03 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.4630 0.9400 0.0020 0.0000
o =0.04 | 0.0000 0.0000 0.0000 0.0001 0.0000 0.3775 0.6384 0.0028 0.0000
o =0.05 | 0.0000 0.0000 0.0000 0.0021 0.0000 0.3010 0.4350 0.0173 0.0000

Note

Hy: TI3(11) = 0, where QD;‘|X7;,ZZ- (11) = X/Ii(11) + Z/I(m) with D = D; + €;.

D; is the education variable of the Angrist-Krueger data, and €; is a random noise from N (0, 02).
X; contains 10 dummies indicating birth-years.

Z; contains 30 instruments of birth-quarters interacted with birth-years.
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Figure I: Experiments using the Angrist and Krueger data

01 02 03 04 05 06 07 08 0.9

i Second quantil
First quantiles econd quantiles Second gauntiles

Point Estimates of a(71,72) with ¢ =0.01  Confidence Intervals for «(0.20,72) with ¢ = 0.01

o 0 Second quantiles 01 0.2 03 0.4

" 0.5
First quantiles Second gauntiles

Point Estimates of a(71,72) with ¢ =0.02  Confidence Intervals for «(0.20,72) with ¢ = 0.02

Note:

Qy,12;,x:,Vi=r (T2) = QD> |z, x,(T1)a(71, 72) + X[B(71, 72), where D} = D; +¢;.
¢; ~ N(0,0?) is the same as those used in Table 1.

Y; is the log wage variable of the Angrist—-Krueger data.
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